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' Abstract 

It is shown that among conformally flat Lorentzian manifolds there are four classes 
of spaces with special holonomy groups: pp-waves with a certain potential and three 
classes of spaces with the holonomy group Sim(n), which can be described as extensions 
of Riemannian spaces of constant sectional curvature to certain Walker metrics. 

O: 

Q 

^ 1 Introduction and the main results 

It is known [H] that a conformally flat Riemannian manifold is either a product of two spaces 
of constant sectional curvature, or it is a product of a space of constant sectional curvature 
with an interval, or its restricted holonomy group is the identity component of the orthogonal 
£> | group. The last condition represents the general case and among various manifolds satisfying 
the last condition one can emphasize only the spaces of constant sectional curvature. 

Q\ " One usually says that the connected holonomy group of an indecomposable pseudo- Riemannian 
manifold is special if it is different from the connected component of the pseudo-orthogonal 
group 0]. In this case the holonomy group defines a special geometry on the manifold. For 
example, a pseudo- Riemannian manifold of signature (r, s) is pseudo-Kahlerian if and only if its 
holonomy group is contained in U(|, f). We see that there are no conformally flat Riemannian 
^ \ manifolds with special holonomy groups. 

'O ', In the case of pseudo-Riemannian manifolds, the holonomy group can be weakly irreducible, 
this means that it does not preserve any non-degenerate proper vector subspace of the tangent 
space, and not irreducible in the same time, i.e. it may preserve a degenerate vector subspace 
of the tangent space. 

The main result of the present paper is the complete local description of conformally flat 
Lorentzian manifolds (M, g) with weakly irreducible not irreducible holonomy groups, which 
are the only special holonomy groups of Lorentzian manifolds. Let dim M = n + 2 > 4. The 
holonomy algebra, i.e. the Lie algebra of the holonomy group, g C so(l, n + 1) of such manifold 
preserves an isotropic line of the tangent space, which is identified with the Minkowski space 
jg>i,n+i Hence q is contained in the maximal subalgebra of so(l, n+1) preserving an isotropic 
line. This algebra is denoted by sim(n) and it admits the decomposition 

sim(n) = (R©jero(n)) x R n . 

Any manifold (M, g) with such holonomy algebra (locally) admits a distribution of isotropic 
lines. Such manifolds are called the Walker manifolds 0, [18]. On any such manifold (M,g) 
there exist coordinates fjX 1 , ...,x n ,u and the metric g has the form 

g = 2dvdu + h + 2Adu + H(du) 2 , (1) 
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where h = hij(x 1 ^ ... J x n J u)dx t dx^ is an w-dependent family of Riemannian metrics, A = 
is an w- dependent family of one-forms, and if is a local function on M. 
The vector field d v defines the parallel distribution of isotropic lines. An important class of 
Walker manifolds form pp-waves that are given locally by CQ) with A = 0, h = Ei(^) 2 , and 
d v H = 0, see [15] and references there. The pp-waves are exactly Walker manifolds with the 
commutative holonomy algebra q C M n C sim(n). 

Theorem 1 Let (M,g) be a conformally flat Lorentzian manifold of dimension n + 2 > 4. 
Then the holonomy algebra g of (M, g) is weakly irreducible and not irreducible if and only if 
one of the following holds: 

1) q = W 1 C sim(n), i.e. (M, g) is a pp-wave, and locally there exist coordinates v, x 1 , x n , u 
and a function a(u) such that 

n n 

g = Idvdu + Y^ dxl f + a ( M ) X^ 1 ) 2 ^) 2 , 

i=l i=l 

and a(u) ^ for some system of coordinates; 

2) q = sim(n) and locally there exist coordinates v , x 1 , x n , u and functions a(u), Bi(u), 
Ci(u), D(u) such that 



g = 2dvdu + ^(dx 1 ) 2 + 2Adu + (vH l + H )(du) 2 , 



where 



n 

A = Adx\ A{ = - I 2B j (u)x 3 x l - B^u) 



4 

Hi = BAu)x j , 



x j ^ 2 



i=i 



1 n f n \ n 

Ho = Tq^ Bl{u) E (x ' i)2 + a{u) 5> <)a + Q{u)xl + 

k=l \i=l J i=l 

and B 2 {u) ^ for some system of coordinates; 

3) g = sim(n) and locally there exist coordinates VjX 1 , ...,x n ,u and functions X(u) < 0, a{u), 
BAu), CAu), D(u) such that 



1 n 

g = 2dvdu + — — ^ S^idx 1 ) 2 + 2Adu + \(u)(v 2 - H )(d 
—\{u) 



i=l 



where 



A = Ajdx\ Aj = * I BAu)x J x' 



1 - 1 \ 

;*--^H^) 2 + -^(u) , 

i=i / 
^ = ^ (E^(«) + (^ fc ) 2 ) +V*(a(w)^(^) 2 + a(w)x i + L' 

\fc=l / \ i=l 

and B 2 {u) + a 2 {u) ^ /or some system of coordinates; 
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4) Q = sim(ri) and locally there exist coordinates VjX 1 , ...,x n ,u and functions X(u) > 0, a(u), 
Bi(u), Ci(u), D(u) such that 



1 

g = 2dvdu + ---^ ^(dx*) 2 + 2Adu + \(u)(v 2 + H )(du 



v ' 8=1 

where 

A 



(i-£Li(* 

\fc=l / V i=l / 

and Bf(u) + a 2 (u) 7^ /or some system of coordinates 

Note that in the cases 3) and 4) the Riemannian metrics ^ Y2l = i(dx k ) 2 are the metrics of the 
sphere and the Lobachevskian space, respectively. Moreover, the w-families of 1-forms A are 
families of Killing 1-forms on these spaces. These Killing 1-forms have the above shape, since 
we made a choice of the coordinates in the proof. Generally A can be an arbitrary n-family of 
Killing 1-forms, but then the function H will be more complicated. 

We may describe also all conformally flat Walker metrics, i.e. without the decomposability 
assumption. 

Theorem 2 Let g be the Walker metric (pQ). Then g is conformally flat if and only if one of 
the following holds 

1) g is indecomposable and after a coordinate transformation it coincides with one of the 
metrics of Theorem^ 

2) g is decomposable and after a coordinate transformation it coincides with one of the fol- 
lowing metrics: 

1 - 4 
q = -^y^(dx k ) 2 + Idvdu - cv 2 (du) 2 , # = ^, c>0 



k=l 



1 n 4 
g = -^y^(dx k ) 2 + 2dvdu + cv 2 (du) 2 , ~, c>0 

c tt (i-ELi(^) 2 ) 2 

n 

g = ^2(dx k ) 2 + 2dvdu. 

k=l 

In Section [2], the result of Kurita [H] is extended to the case of pseudo- Riemannian manifolds. 
In Section [31 an expression for the Weyl conformal curvature tensor for a Walker metric is 
given. Section 0] is dedicated to the proof of Theorem [TJ In Section [5], the Ricci operator for 
the metrics from Theorem [TJ is computed. 

In Section [61 the case of dimension 4 is considered. Possible holonomy algebras of conformally 
flat 4-dimensional Lorentzian manifolds are classified also in [13] . The first metric from Theorem 
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[TJin dimension 4 is given in [17] . In [13], it is posed the problem to construct an example of 
conformally flat metric with the holonomy algebra sim(2) (which is denoted in [13] by -R14). An 
attempt to construct such metric can be found in [IT] . We show that the metric constructed 
there is in fact decomposable and its holonomy algebra is so(l, 1) ©so(2). Thus in this paper 
we get metrics with the holonomy algebra sim(n) for the first time, and even more, we find all 
such metrics. 

An important fact is that a simply connected conformally flat spin Lorentzian manifold admits 
the spaces of conformal Killing spinors of maximal dimension [2]. 

The results of this paper are used in [1] for the classification of Lorentzian manifolds satisfying 
the condition V 2 i? = 0. 

2 Decomposability of conformally flat pseudo-Riemannian 
manifolds 

In [T4] , Kurita proved the following theorem for the case of Riemannian manifolds. 

Theorem 3 Let (M,g) be an n- dimensional conformally flat Riemannian manifold. Then its 
local restricted holonomy group H x (x G M) is in general SO(n). If H x ^ SO(n), then for some 
coordinate neighborhood U of x one of the following holds: 

1 ) H x is identity and the metric is flat in U; 

2) H x = SO(fc) x SO(n — k) and U is a direct product of a k-dimensional manifold of constant 
sectional curvature K and an (n — k)- dimensional manifold of constant sectional curvature 
-K (K ± 0); 

3) H x = SO(n — 1) and U is a direct product of a straight line (or a segment) and an 
(n — 1) -dimensional manifold of constant sectional curvature. 

We generalize this theorem for the case of pseudo-Riemannian manifolds. We also make it more 
precise. 

Theorem 4 Let (M, g) be a conformally flat pseudo-Riemannian manifold of signature (r, s) 
with the restricted holonomy group Hol°(M, g). If(M,g) is not flat, then one of the following 
holds: 

1) Hol°(M,s) = SO(r, S ); 

2) Hol°(M, g) is weakly irreducible and not irreducible (in particular, it preserves a degener- 
ate subspace of the tangent space); 

3) Hol°(M, g) = SO(ri,si) x SO(r — ri,s — s\) and each point x G M has a neighborhood 
that is either flat or it is a product of a pseudo-Riemannian manifold of constant sec- 
tional curvature K and signature (n, s{) and a pseudo-Riemannian manifold of constant 
sectional curvature —K (K 7^ 0) and signature (r — r\, s — si); 

4) Hoi (M, g) = SO(r — l,s) (resp., H x = SO(r, s — I)) and each point x G M has a 
neighborhood that is either flat or it is a product of a pseudo-Riemannian manifold of 
constant sectional curvature and signature (r — l,s) (resp., (r,s — 1)) and the space 
(L, —(dt) 2 ) (resp., (L, (dt) 2 )), L is the straight line or a segment. 
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Proof. Let (M, g) be a pseudo-Riemannian manifold of signature (r, s) and dimension d = r+s. 
The vector bundle so(TM) of skew-symmetric endomorphisms of the tangent bundle TM can 
be identified with the space of bivectors A 2 TM in such a way that 

(X AY)Z = g(X,Z)Y-g(Y,Z)X 

for all vector fields X, Y, Z on M. The Weyl tensor W of the pseudo-Riemannian manifold 
(M, g) is defined by the equality 

W = R + R L , (2) 

where the tensor Rl is defined by 

R L (X,Y) = LX AY + X ALY, (3) 
1 



Ric — r id 



d-2 V 2(d- 1) 
is the Schouten tensor and s is the scalar curvature. 

Suppose that the restricted holonomy group Hoi (M, g) is not weakly irreducible. The Wu 
decomposition Theorem [Tj5] states that each point of M has a neighborhood U such that 
([/, is a product 

(t/,^) = {M 1 x M 2 , gi + g 2 ) 

of two pseudo-Riemannian manifolds (Mi, gi) and (M 2 ,g 2 ). Let c?i and o?2 be the dimensions of 
these manifolds. For the curvature tensors, Ricci operators and the scalar curvatures it holds 

R = Ri + i?2, Ric = Rici + Ric2, s = s± + s 2 . 

First suppose that d > 4. In this case W = and we get 

Rx + R 2 = -Rl- (4) 

Assume that d\ > d 2 and d\ > 2. The curvature tensor R\ can be written in the form 
Ri = W\ — Rlx- Considering (jlj) restricted to TM\, we get that W\ = and 

1 ^--/^idU^fRicx-^^idV (5) 



di-2V 2(di-l) / d-2 V 2(d-l 
If d 2 > 2, then taking the trace in ([5]), we get 

- 1) <i 2 (<i2 - 1) 

Since Si is a function on Mi and s 2 is a function on M 2 , the both functions must be constant. 
Substituting the last equality back to ([5]), we obtain 

Ri Cl = ^ id . (6) 

Next, 

Ri(X, Y) = j^^—^X A Y. (7) 
The same holds for the second manifold. For the sectional curvatures we get 

k = Sl = 82 = -k 

di(di - 1) d 2 (d 2 - 1) 
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If d,2 = 1, than (jSJ) is equivalent to ((6]) and this implies (JZJ). From this and the Schur Theorem it 
follows that ki is constant. If d\ = 2, then the curvature tensor Ri satisfies Ri(X, Y) = fX AY 
for some function / on M\. The proof in this case is the same. 

If d = 3, then d% — 2 and g?2 = 1- It holds R = R\ and Ri(X, Y) = fX A Y for some function 
/ on M±. In this case (M,g) is conformally flat if and only if the Cotton tensor C defined by 

C(X, Y, Z) = g{{V z L)X, Y) - g((X Y L)X, Z) 

is zero. This implies that / is constant, i.e. (Mi, g{) has constant sectional curvature. 

Now we have to prove that if Hol°(M, g) is irreducible, then it coincides with SO(r, s). Suppose 
that Hol°(M, g) is irreducible and it is different from SO(r, s) and U(|, |). Then the manifold is 
Einstein [I]. Since (M, g) is in addition conformally flat, (M, g) has constant sectional curvature 
and its connected holonomy group must be either trivial or SO(r, s), i.e. we get a contradiction. 
It is known that if a pseudo-Kahlerian manifold is conformally flat, then it is flat [20], hence 
Hol°(M,#) ^ U(|, f). This proves Theorem H □ 



3 The Weyl curvature tensor of Walker metrics 

In order to prove Theorem [1], we give some information about the curvature tensor of the Walker 
metric ([1]). For the fixed coordinates v , x 1 , x n , u consider the fields of frames 

p = d v , Xi = di- Aid v , q = d u - -Hd v . 

Consider the distribution E = span{Xi, X n }. The fibers of this distribution can be identified 
with the tangent spaces to the Riemannian manifolds with the Riemannian metrics h(u). De 
note by R the tensor corresponding to the family of the curvature tensors of h(u) under this 
identification. Similarly denote by Ric(/i) the corresponding Ricci endomorphism acting on 
sections of E. 

From the results of [9] it follows that the curvature tensor R of the metric g can be written in 
the form 

R(p,q) =- XpAq-pAv, R(X, Y) = R (X, Y) - p A (P(Y)X - P(X)Y), (8) 
R(X, q)=- g(v, X)p A q + P(X) -pA T(X), R(p, X) = (9) 

for all 1,7 6 T(E). Here A is a function, v G T(E), T G r(End(£)) is symmetric, T* = T, 
and the tensor P G T(E* (g) So(E)) satisfies 

g(P(X)Y, Z) + g(P(Y)Z, X) + g(P(Z)X, Y) = for all X, Y, Z G T(E). 

These element may be found in terms of the coefficients of the metric ([1]). For example, 

A = ^d 2 v H, v= l - (d&H - A^H) h ij Xj. (10) 

Let P(X k )Xj = Pj k Xi and T(Xj) = Y,i T ij x i- Th en 

h a P] k = g(R(X k ,q)X j ,X i ), T l3 = -g(R(X i ,q)q,X j ). 
Suppose that h does not depend on u. Using direct computations, we obtain 

haP} h = - \v k F^ (11) 
Tij = - l^iVjH + \F lk F 3l h kl + l -{d v H){X l A 3 + V^) (12) 
+ \{Aid s d v H + Ajd&H) + \dv(ViAj + VjAi) - l^A^H, 
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where 



Fij — OiAj djAi 



is the differential of the 1-form A, and the covariant derivatives are taken with respect to the 
metric h. In the case of h, A and H independent of u, the curvature tensor of the metric ([1]) is 
found in IT21. 



The Ricci operator has the following form: 

Ric(p) =Xp, Ric(X) = -g(X,mcP-v)p + Ric(h){X), (13) 
Ric(g) = - (tr T)p - Ric(P) + v + Xq, (14) 

where RicP = h v ; P(Xi)Xj [10]. For the scalar curvature we get s = 2X + so, where so is the 
scalar curvature of h. Using this, we may compute the tensor Rl, 

R L (p,X) = —p A (mc(h) + (n ~ 1)A ~ S ° id] X, (15) 
n \ n + 1 / 

R L (p,q) = -( — -pAq + pA (v-RicP , 16 

n \ n + 1 / 

R L (X,Y) = - (pA{g{X,v-mcP)Y-g{Y,v-mcP)X) (17) 
n V 

R L (X,q) = -((trT)pAX + g(X,v-mcP)pAq + X A (v-RTcP) 
n\ 

+ Uc(h) + {U S ° id) X A q 

The Weyl tensor W can be computed using this and (j2J). 

4 Proof of Theorem H 

Suppose that the holonomy algebra of the Lorentzian manifold (M, g) is weakly irreducible and 
not irreducible, i.e. it is contained in sitn(n). Then the local form of the metric g is given by 
([!]). Suppose that g is conformally flat, i.e. W = 0. 

Lemma 1 T7ie equation W = is equivalent to the following system of equations: 

s = -n(n-l)X, R = ~XR id , P(X)=vAX, T = fid E , (19) 

where X is any section of E and f is a function. In particular, W = implies that Ric P = 
— (n — l)v and the Weyl tensor Wq of h is zero. 

Proof. Suppose that W = 0. Then it holds R = -R L . From (ED and (EED it follows that 
Ric(/i) = — ( ~ n ~^^~ s ° id. Taking the trace, we get so = —n(n — 1)X. Hence, Ric(ft) = ^ id, i.e. 
the metrics h are Einstein, and it holds 

Ro — Wq — - , ° — -r-Rid- 
2n{n — 1) 
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From (ED and ([171) it follows that 



Ro + / TT-^id — 0. 

2n(n — 1) 



We conclude that W = 0. Using © and (HHD, we get P(X) = -\X A {v -RicP). Applying 

Ric, we obtain RicP = — (n — Consequently, -P(X) =t?Al. From Q and (TT8]) it follows 
that T(X) = ±(tiT)X, i.e. T = fid for a function /. Conversely, $T9]) implies W = 0. □ 

We will consider several cases. 

Case 1. Suppose that so = 0. Then Ro = 0, and each metric in the family h is flat. Conse- 
quently, changing the coordinates, we may assume that 

h = 5ijdx L dx 3 . 

From (flop and the equality A = it follows that d 2 H = 0, hence 

H = vH 1 + H , d v H x = d v H = 0. 

Using (TlOl) . we get 

v = ^d l H l 6 lj X r (20) 

Case 1.1. Suppose that v = for any coordinate system. Then the curvature tensor satisfies 
R(E ± , E^~) = 0. Consequently, (M, g) is a pp-wave (see e.g. [8]), then g can be written in the 
form 



g = 2dvdu + ^{dx i f + H(du) 2 , d v H = 



i=i 

i.e. A = 0, Hi = 0, and H = H. We obtain the equation 

Aj = ~7;didjH . 

Taking the trace, we get / = — ^AHq, where A = * s the Euclidean Laplacian, and we 

obtain 

^AiZo^ = d^-Fo. (21) 
The general solution of this equation has the form 



H = a(u) J2(x 1 ) 2 + c i( u ) xi + D ( u )- 



Consider the new coordinates 

dV(u 



y = v-^2 } x j + d(u), x l = x l + b % {u) 1 u = u. 

(jj LL 



We obtain the metric of the same form with 

n 

H Q = a{u) Y^( xi f + C i (u)x i + D(u), 



S 



where 

s > = + + c * < 22 > 

^^ + Eg) 2 -EM 2 + ^ + B . (23) 

3 3 

Equation (|22|) implies the existence of V{u) such that C k = 0. Using the last equation, we can 
chose d(u) such that D = 0. Thus we may assume that 

n 

H = a{u) ^(V) 2 . 

i=l 

Case 1.2. Suppose that u 7^ for some coordinate system. Since P(X) = v A X, we get 

-PJa; = - S k jVi, 

where v = ^2jVjXj. Using (1201) and fill I) , we obtain the system of equations 

d k Fij = -SkidjHi + SkjdiHL (24) 
These equations can be rewritten in the form 

di(d k Aj - SkjHi) - dj(d k Ai - 5 ki Hx) = 0. 
This system of equation is equivalent to 

dG k = 0, 

where we define the 1-forms 

G k — G\dx\ G\ = d k A-5 ki Hx. 
We conclude that there exist functions f k such that 

G 1 } = dj k . 

System (1241) takes the form 



d k Ai - 5 kl H x = d t f k . 

This implies 

F = dA = -df, where / = ^ f k dx k 

k 

and 

A = —f + dip 

for some function ip. Since 9%H = 0, the gauge transformation 

v 1 — y v — cf) 

changes the metric in the following way |12j : 

A^A + d<p, Hx^Hx, H ^ H + H x <j> + 2d u <p. (25) 
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Hence, changing the coordinates, we get dA = —df. Equations ( 1241) take the form 

8 i A j + d j A i = 5 lJ H l . (26) 
Conversely, this system of equations implies (I24j) . 

Consider now f[T2l . Since = f5ij for some function /, we get that / = vf\ + fo, where 
d v fi = d v f = 0. Applying .9,, to flT2}, we get 

As above, this implies 

H x = a(u) J^^) 2 + B i( u V + c ( u )- 

i 

From (126]) it follows that for each % it holds 

d l A i = X -H x . 

Integrating this equation, we get 

Ai = -( a{u)x l Y,( x ') 2 + — (^) 3 + J2 B A u ) xjxi + ^^(^) 2 + cfay + Ci {x\ u) j , d iCi = 0. 
2 \ 3 2 / 

Let j ^ j. Substituting the obtained A, to (I2"6"j) . we obtain 

Aa(u)x i x j + B j (u)x i + Bi(u)x j + (9,-Cj + ^Cj = 0. 

Applying <9j, we get 

4a(u)x j + Bj(u) + dfcj = 0. 
Applying <9j, we obtain a(u) = 0. We conclude that 

dfcj = —Bj(u), djCj = 0. 

This implies 

cj = E(^ fc ) 2 + ^)* fe + d ^ u ) = °- 

Mj- 



Using ( l26l) for z 7^ j, we get 
Thus, 



rfy(w) = -dji(u). 



H 1 = B i (u)x i + c(u), (27) 
- I Bj(u)x 3 x l ^~ 



= 1 [BjiuWx* - ^ J>^) 2 + c(u)x l + d, lk {u)x k + /«(«) ) . (28) 



Since v =fi 0, it holds 

i 

Consider the coordinate transformation with the inverse one 

v — v, x 1 = x 1 + b l (u), u = u 
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such that Bi(u)b l (u) + c(u) = 0. After that H\ = Bi(u)x l , i.e. we may assume that c(u) = 0. 
Next, consider the coordinate transformation with the inverse one 

v — v, x l = Aj(u)5?, u — u, (29) 
where A l Au) is a family of orthogonal matrices. It is easy to check that 

H x = B t (u)A)(u)x\ Ai = J2 A i(u){d u A?(u))x l + A^ujA- 

k 

The obtained metric has the same form and it holds 

Bi(u) = B^AKu), d l3 {u) = Y, Ak Md u A k ] {u) + ^Al{u)d rk {u)A k j {u), f t {u) = A k (u)f k (u). 

k 

Consider the equation dij(u) = 0. Since J2k A k {u)A k (u) = Sij, it can be written in the form 

Since dj k {u) is skew-symmetric, \dj k {u) is a curve in the Lie algebra so(n). Then A k {u) sat- 
isfying the above equation is nothing else es the development of the curve \dj k {u) in the Lie 
group SO(n). Thus, applying such transformation, we may assume that dijiu) = 0. Applying 
( 1251) . we may assume that fi{u) = 0. Thus, 



Note that 

and (126]) holds. The equation = f5ij takes the following form: 



F i:j = Bi(u)x J - Bji^x 1 



k 

It can be rewritten in the form 



4 

k 



X % X 3 , 



where <p = f Q -\Hl-\d u Hi. Taking the trace, we obtain yj = \ (~AH + \ Y,k B l( u ) J2i( xl ) 2 )-. 
and we get the equation 



V k i J k 



Clearly, the function 



±±&M (X>'> 2 ) 

k=l \i=l / 
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is a partial solution of this equation. On the other hand, 

n 

H = a{u) J2( x ' 1 ) 2 + C i (u)x i + D{u) 
i=i 

is the general solution of the corresponding homogeneous system. Thus, 

1 n / n \ ^ n 

k=l \i=l / i=l 

Let us compute the holonomy algebra of the obtained metric. Let x G M be a point such that 
v x 7^ 0. The condition on the curvature tensor shows that 

Rx{Px, q x ) = ~Vx A v x , R X {X, Y) = p x A ((X A 

This shows that p x A E x C 0. Next, 

9*) = ^)P* Aq x -p x A T x (v x ), 

which implies Mp x A q x C 0. Finally, 

^(X, fe) = -g(v x , X)p x A q x + v x A X — p x A T X (X). 

Since the bivectors of the form v x A X generate the Lie algebra so(E x ), we conclude that 

q = Rp x A q x + so(E x ) +p x A E x ~ fiim(n). 

Case 2. Suppose now that s ^ 0. Since ft, is independent of v , d v X = 0. From (ITU1) it follows 
that 

H = \v 2 + Hiv + H , d v H x = d v H = 0. 

From ( TTTf) it follows that the components of tensor P do not depend on the coordinate v. This, 
the equation P(X) = v A X and (ITU1) imply that did 2 H = 0, i.e. <9jA = 0, consequently s and 
A are functions depending only on u. Note that for n > 3 this follows also from Kic(h) = f id. 
We conclude that each metric in the family h(u) is of constant sectional curvature. 

Case 2.1. Suppose that s > 0. Then we may change the coordinates in such a way that 



h = — r-^ V (dx k f, = ^. 



fc=l 



+ ELi(^) 2 ) 



where ^ Efc =1 (c?a; fc ) 2 is the metric on the sphere. Let us introduce the new coordinate u such 
that du = —\{u)du. The metric g can be written in the form 

1 

9 = Z^o, 

where go is the metric written in coordinates v,x x , ...,x n ,u that has the same form as g and 
satisfying A = — 1. We see that it is enough to find conformally flat metrics g such that A = — 1. 

Applying the transformation 

v ^ v - -H 1 , 

we get the new metric with Hi = [12]. 
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Let us consider the equation = fSij. From ( fT2|) it follows that / = vfi + So, d v f\ = d v f = 0. 
Applying d v to = S&ij, we get the equation 

It is enough to consider the equations 

ViA^VjAj, V i A J + V 3 A i = 0, i^j. (30) 
The Christoffel symbols of the metric h are the following: 

Using that, the above equations may be rewritten in the form 

a - (t) *(*) + *(t)=°- ^ (31) 

We will distinguish the cases n = 2 and n > 3. 
Case 2.1.1. Suppose that n > 3. 

Lemma 2 Ifn>3, then the general solution of the system 

difi = djfj, difj + djfi = 0, % ^ j 

has the form 

1 n 

fi = x l B k x k - -Bi ^2(x k ) 2 + d ik x h + cx l + Ci, 

k=l 

where B u c u c, d ik G R, d u = -d ik . 

Proof. Let i, j, k be pairwise different, then 

didjfk = -didkfj = d k djfi = -didjSk, 

i.e. didjfk = 0. This shows that f k = J2i^k^ki(x\x k ). Then it is not hard to find these 
functions. □ 

We conclude that 

Ai = ^B k {u)x k - ^Bi(u) fly? + dik{u)x h + c(«y + a(u) j , (32) 
where £?j(it) , , c(u) , dik{u) , are functions of w, and d k i{v) = —dik(u). 

The system of equations that we have solved is very similar to the equation of the Killing 
1-form: 

VAj + VjAi = 0. 

Let us prove the following lemma. 
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Lemma 3 Any Killing vector field on the sphere with the metric ^ ^2! k= i{dx k ) 2 has the follow- 
ing form 



1 1 

X = X%, X' 1 = x%x k - -h J2( xk ) 2 + fikx k + ^b h 

where b i7 f ik G R, f ki = -f ik . 



2 

k=l 



Note that this description corresponds to the fact that the Lie algebra of the Killing vector fields 
on the n-sphere S n is isomorphic to 50 (n + 1). Recall that S n can be viewed as the symmetric 
space S n = SO(n + l)/SO(n). The symmetric decomposition of the Lie algebra so{n + 1) is of 
the form so(n + 1) = 5o(n) + M. n . The vector fields defined by the numbers fi k correspond to 
elements of so(n), while the vector fields defined by the numbers hi correspond to elements of 
R n . 

Proof of Lemma 0. Consider the Killing 1-form Aj = hijXK In addition to equations (1301) it 
satisfies the equation VjAj = 0. This equation takes the form 



v 7 k=i 



This implies that A4 = ^fi, where /j given by Lemma [2] with c = and = -y. This proves 
the Lemma. □ 

Let us come back to the 1-form A that is given by ( 132]) . As for the case Sq = 0, we may consider 
the transformation ( 1291) and get dik(u) = 0. Similarly, considering a transformation defined by 
a Killing vector field depending on u and given by bi(u), we will get c(u) = 0. Thus, 

Ai = * ^x l B k {u)x k - iSi(u) X> fe ) 2 + c ^ u ) J • ( 33 ) 

Now we consider the equation P{X) — v A X. From ffTTj) and ffTU]) it follows that this equation 
takes the form ^ 

-V k Fij = ^Ai5 kj - VAjSki. 

Note that 

Fij = *t((Si(«) + 2c i («))ar 3 ' - (£,•(«) + 2 Ci (u))<). 
It is easy to check that if k 7^ z and 7^ j, then V k Fij = 0. Let k = i. The equation 

implies q(m) = ^Bi(u). 

We are left with the equation f 5ij = Tij, where 



Note that if i 7^ j, then 
We obtain the equation 



did— = 2V^B l {u)B J (u)-2^B k x k (B j (u)x l +B l (u)x J )+2^l f ^ B£(u) + {B k {u)x k f ) , z ^ j. 
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The right hand side of this equation can be rewritten as didj (Ylk=i ^l( u ) + (B k (u)x k ) 2 )) . 
We conclude that 

tn \ n 

k=l / k=l 

The condition Tu = Tjj implies dffi = d 2 fj. This allows to find the function Hq. 
Case 2.1.2. Suppose now that n = 2. The system of equations fl3Tl) takes the form 

that implies only that 4p and 4^ are real and imaginary parts of a complex homomorphic 
function of the variable x 1 + ix 2 . Consider the equations 

ViF 12 = -2A 2 ^, V 2 F 21 = -2A^. 

It is easy to check that 



This implies the equations 



ViF 12 = V 2 F 21 = ^d 2 ^-. 



A 1 = 1 -d 2 f, A 2 = ~dJ, f = ^f. 



Substituting this to the first equation from ( |34"1) . we get 



this implies 



ml = o, 



l = fM) + f 2 {x 2 ). 



Using that it is not hard to show that Ai and A 2 are the same as for n > 3. The rest of the 
proof remains the same. 

Case 2.2. The case so < can be considered in the same way as the case sq > 0. Now we 
may assume that A = 1 and h is the metric of the Lobachevskian space, 



n 



(i-£Li(* fe ) 2 ) 

Lemma ([3]) takes now the form 

Lemma 4 Any Killing vector field on the Lobachevskian space with the metric ^ X]fc=i(^ xfc ) 2 
has the following form 

1 n 1 
X = X%, X 1 = x l b k x k - -h ^(x fe ) 2 + f lk x k - -h, 

k=l 

where b h f lk G R, f ki = -f lk . 

This description corresponds to the fact that the Lobachevskian space L n can be viewed as the 
symmetric space L n = SO(l,n)/SO(?7,). 

It is not hard to show that the holonomy algebras in the case s ^ are sim(n). 
The theorem is proved. □ 

Note that the case s ^ 0, v = 0, T = corresponds to the first two metrics from possibility 2) 
from Theorem [2l 
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5 The Ricci operator of the obtained metrics 



The Ricci operator of the first metric has the form 

Ric = na(u)d v <g> du, 

in particular, Ric 2 = 0. 

In [5], complete conformally flat Lorentzian manifolds (M,g) satisfying the condition 

[R(X,Y),Bic] = (35) 

are studied. It is shown that these manifolds are exhausted by the spaces of constant sectional 
curvature, by the products of two spaces of constant sectional curvature, and by products of 
spaces of constant sectional curvature with intervals. The Ricci operator of the first metric 
from Theorem [1] satisfies (135 jl . More over, such metric is complete, e.g. for a(u) = 1, i.e. for 
the Cahen-Wallach spaces. Thus some metrics in [5] are loosen. In [6], pseudo-Riemannian 
conformally flat manifolds (M,g) satisfying (1351) are studied. It is shown that in addition to 
the obvious cases, (M,g) may be a complex sphere or a space satisfying Ric 2 = 0. Various 
examples of conformally flat manifolds with Ric 2 = are constructed in [7]. 

Let us compute the Ricci operator of the second metric from Theorem[TJ Let B{u) = Yli=i Bi{u)Xi G 
T(E). Using (}I0j). (PP3]) , fifty and Lemma HJ we get ^ 

Tl ft 

Ric(p) = 0, Ric(X) = -g(X, B(u))p, Ric(g) = nfp + -B(u) 
for all X G T(E). Using the formulas from Section HJ we get 

/ = ~ (£*2(«)) (j>) 2 ) + \Hl + \d u H x . 

It holds Ric 2 7^ and Ric 3 = 0. Condition (135]) is not satisfied. 
The scalar curvature of metric 2) is zero. 
For metrics 3) and 4) it holds 

Ric(p) = Xp, Ric(X) = ng(X, v)p — (n — 1)AX, Ric(g) = fp + nv + Xq, 

where v = XAih^Xj and / is a certain function that can be computed. The scalar curvature 
equals to 2 A + sq = — (n — 2)(n + 1)A and it is zero only in dimension four. 

6 The case of dimension 4 

Applying Theorem H] to a conformally flat nonflat Lorentzian manifold (M, g) of dimension 4 
with the holonomy algebra q C so(l, 3), we obtain that (M, g) must satisfy one of the following 
conditions: 

1) = S o(l,3); 

2) q C sim(2), i.e. (M,g) is as in Theorem CD with n = 2; 

3) g = so(l, 1) ©so(2), and (M, g) is locally isometric either to the product of (dS2, cgds 2 ) with 

(L 2 ,cg L 2), or to the product of (AdS 2 , cgAds 2 ) with (S 2 ,cg S 2); 
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4) = so(l, 2), and (M, g) is locally isometric to the product of (R, (dt) 2 ) either with (dS^, cgds 3 ) 
or with (AdS^jCgAds-i)] or = 50 (3)> an d (M,g) is locally isometric to the product of 
(R, -{dt) 2 ) either with (S 3 , cg s s), or with (L 3 ,cg L s). 

Here c > is a constant, and S n , L n , dS n , AdS n denote, respectively the sphere, Lobachevskian 
space, de Sitter space and anti de Sitter space with there standard metrics. The standard 
Friedmann-Robertson- Walker spacetimes are conformally flat and give examples of holonomy 
so(l,3) [33]. 

Possible holonomy algebras of conformally flat 4-dimensional Lorentzian manifolds are classified 
also in [13]. The first metric from Theorem [1] in dimension 4 is given in [17] . In [13] . it is stated 
that it is an open problem to construct a conformally flat metric with the holonomy algebra 
sim(2) (which is denoted in [13] by -R14). An attempt to construct such metric is made in [TTj . 
where the following metric is constructed: 

g = 2dxdt + Aydxdy - Azdxdz + + + 2(x + y 2 - z 2 ) 2 (dt) 2 . (36) 

2y 2 2y l 

Using Maple, it is easy to check that the Weyl tensor of this metric is not zero, i.e. this metric is 
not conformally flat. Next, the authors were looking for a metric written in Walker coordinates. 
These two arguments suggest that the metric must reed as follows: 



(dy) 2 {dzf 
2y 2 2y 2 



g = 2dxdt + Aydtdy - Azdtdz + ^f- + ^— -f- + 2(x + y - z 2 y(dt) 2 . (37) 



This metric is conformally flat. Making the transformation 

x 1— > x — y 2 + z 2 , y !->■ y, z 1— )■ z, t M- 1, 



g = 2dxdt + 2x 2 {dt) 2 + + . (3J 



we obtain 

{dyf (dz) 

2y 2 + 2y 2 

We get that the metric (137)1 is decomposible and its holonomy algebra coincides with so(l, 1) © 
so (2), but not with sim(2). Thus in this paper we get metrics with the holonomy algebra sim(2) 
for the first time (even more, recall that we find all such metrics). 

The field equations of Nordstrom's theory of gravitation that appeared before Einstein's theory 
are the following: 

W = 0, s = 0, 

see [16J. The metrics from Theorem [1] in dimension 4 provide examples of solutions of these 
equations. 



References 

[1] D. V. Alekseevsky, A. S. Galaev, Two-symmetric Lorentzian manifolds. J. Geom. Phys. 61 
(2011) no. 12, 2331-2340. 

[2] H. Baum, Conformal Killing spinors and the holonomy problem in Lorentzian geometry 
- a survey of new results. Symmetries and overdetermined systems of partial differential 
equations, 251-264, IMA Vol. Math. Appl., 144, Springer, New York, 2008. 

[3] M. Brozos- Vazquez et al. The geometry of Walker manifolds. Synthesis Lectures on Math- 
ematics and Statistics, 5. Morgan & Claypool Publishers, Williston, VT, 2009. xviii+159 
pp. 



17 



[4] R. Bryant, Classical, exceptional, and exotic holonomies: a status report. Actes de la Table 
Ronde de Geometrie Differentielle (Luminy, 1992), Semin. Congr., 1, Soc. Math. France, 
Paris (1996), 93-165. 

[5] M. Erdogan, T. Ikawa, On conformally flat Lorentzian spaces satisfying a certain condition 
on the Ricci tensor. Indian J. Pure Appl. Math. 26 (1995), no. 5, 417-424. 

[6] K. Honda, Conformally flat semi-Riemannian manifolds with commuting curvature and 
Ricci operators. Tokyo J. Math. 26 (2003), no. 1, 241-260. 

[7] K. Honda, K. Tsukada, Conformally flat semi-Riemannian manifolds with nilpotent Ricci 
operators and affine differential geometry. Ann. Global Anal. Geom. 25 (2004), no. 3, 
253-275. 

[8] A. S. Galaev, T. Leistner, Holonomy groups of Lorentzian manifolds: classification, exam- 
ples, and applications. Recent developments in pseudo-Riemannian geometry, 53-96, ESI 
Lect. Math. Phys., Eur. Math. Soc, Zurich, 2008. 

[9] A. S. Galaev, The spaces of curvature tensors for holonomy algebras of Lorentzian mani- 
folds. Diff. Geom. and its Applications 22 (2005), 1-18. 

[10] A. S. Galaev, One component of the curvature tensor of a Lorentzian manifold. J. Geom. 
Phys. 60 (2010), 962-971. 

[11] R. Ghanam, G. Thompson, Two special metrics with Ru-type holonomy, Class. Quantum 
Grav. 18 (2001), 2007-2014. 

[12] G. W. Gibbons, C. N. Pope, Time- Dependent Multi-Centre Solutions from New Metrics 
with Holonomy Sim(n — 2), Class. Quantum Grav. 25 (2008) 125015 (21pp). 

[13] G. S. Hall, D. P. Lonie, Holonomy groups and spacetimes, Class. Quantum Grav. 17 (2000), 
1369-82 

[14] M. Kurita, On the holonomy group of the conformally flat Riemannian manifold. Nagoya 
Math. J. 9 (1955), 161-171. 

[15] T Leistner, P Nurowski, Ambient metrics for n-dimensional pp-waves. Commun. Math. 
Phys. 296 (2010), no. 3, 881-898. 

[16] N. Ravndal, Scalar gravitation and extra dimensions. Proceedings of the Gunnar Nord- 
strom Symposium on Theoretical Physics, 151-164, Comment. Phys.-Math., 166, Finn. 
Soc. Sci. Lett., Helsinki, 2004. 

[17] H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers, E. Herlt, Exact solutions to 
Einstein's field equations (Second edition), (CUP 2003). 

[18] A. G. Walker, On parallel fields of partially null vector spaces. Quart. J. Math., Oxford 
Ser., 20 (1949), 135-145. 

[19] H. Wu, On the de Rham decomposition theorem. Illinois J. Math. 8 (1964), 291-311. 

[20] K. Yano, On pseudo-Hermitian and pseudo-Kahlerian manifolds. Proceedings of the In- 
ternational Congress of Mathematicians, 1954, Amsterdam, vol. Ill, pp. 190-197. 



18 



